We introduce a bipartite state property sufficient for the validity of the perfect correlation form of the original Bell inequality for any three bounded quantum observables. The class of bipartite states specified by this property includes both separable and nonseparable states. We prove analytically that, for a dimension d ≥ 3, every Werner state, separable or nonseparable, belongs to this new class.
Introduction
The validity of Bell-type inequalities in the quantum case has been intensively discussed in the literature from the fundamental publications of J.S. Bell [1, 2] , and J.F. Clauser, M.A. Horne, A. Shimony and R.A. Holt [3] . At present, Bell-type inequalities are widely used in quantum information processing. However, from the pioneering paper of R. Werner [4] up to now a general structure of bipartite quantum states not violating Bell-type inequalities has not been well formalized. The recent developments in [5] represent a significant progress in this direction but concern only the validity of CHSH-form inequalities. A general structure of bipartite states satisfying the original Bell inequality for any bounded quantum observables has not been analyzed in the physical and mathematical literature 1 . The original derivation of the perfect correlation form of the Bell inequality in [2] is essentially based on the assumption of perfect correlations of outcomes whenever the same quantum observable is measured on both sides. However, for a bipartite state, separable or nonseparable, the condition of perfect correlations cannot be fulfilled for every quantum observable. On the other hand, as we proved in a general setting in [6] , there exist separable quantum states that satisfy the perfect correlation form of the original Bell inequality for any bounded quantum observables and do not necessarily exhibit perfect correlations.
From the mathematical point of view, the Bell assumptions in [1, 2] represent only sufficient but not necessary conditions for a bipartite quantum state to satisfy the original Bell inequality. Therefore, there must exist more general sufficient conditions.
In this paper, based on our developments in [7] , we introduce in section 3 a new bipartite state property sufficient for the validity of the perfect correlation form of the original Bell inequality for any three bounded quantum observables. This state property is purely geometrical and is associated with the existence for a bipartite quantum state of a special type dilation 3 to an extended tensor product Hilbert space. Satisfying the perfect correlation form of the original Bell inequality for any bounded quantum observables, a bipartite state with this property does not necessarily exhibit perfect correlations.
The class of bipartite quantum states specified by this property includes both separable and nonseparable states. In section 3. 
where tr We call 4 dilations T and T defined by (1) as source-operators for a bipartite state ρ and prove in a general setting in [7] (section 2.1, proposition 1) that, for any bipartite state ρ, there exist source-operators T and T . A source-operator for a state ρ is not necessarily positive. It is also worth to note that, for example, a source-operator T , defined by (1), is not necessarily symmetric with respect to the permutation of elements standing in the second and third places of tensor products.
As any self-adjoint trace class operator, a source-operator T (or T ) admits the decom-
(|T | +T ) and
(|T | −T ). This implies that, for a source-operator, its trace norm ||T || 1 = 1 + 2trT (−) . Let W 1 , W 2 , W 3 be any bounded quantum observables on H with operator norms || · || ≤ 1. From the upper bounds (20) and (21), which we have derived in a general setting in [7] (section 2.2, proposition 3), it follows that an arbitrary state ρ on H ⊗ H satisfies the inequalities
with any source-operators T and T for ρ in the right-hand sides. Here,
If, for a bipartite quantum state ρ, there exists a positive source-operator then, since any positive source-operator represents a density operator, we call this ρ as a density source-operator state 5 or a DSO state, for short. For a density source-operator state ρ, we can take in the right-hand sides of (2) and (3) density source-operators R and R. In this case,
, and from (2) and (3) it follows the following general statement 6 .
Proposition 1 A density source-operator state ρ on H ⊗ H satisfies the original CHSH inequality [3]
for any bounded quantum observables W (a) 
Bell class
Let further a density source-operator state ρ on H ⊗ H have a density source-operator R with the special dilation property:
5 In a particular case where a density source-operator is symmetric with respect to the permutation of elements standing, for example, in the second and third places of tensor products, this density sourceoperator represents a (1,2) symmetric extension in the terminology used in [5] . 6 In a particular case, where either H is finite dimensional or, in (4), bounded quantum observables on infinite dimensional H have discrete spectra, the validity of a CHSH-form inequality for a DSO state can be extracted from theorems 1 plus 2 in [5] -the proof of theorem 2 in [5] is essentially based on discreteness.
7 Let i α i ρ i ⊗ ρ i , α i > 0, i α i = 1, be a separable representation of a separable state. Then, for this separable state, i α i ρ i ⊗ ρ i ⊗ ρ i represents a density source-operator.
8 See also [5] for the results on Werner states based on the use of semi-definite programs.
Definition 1 (Bell class) We call the set of all density source-operator states on H ⊗ H that have density source-operators with the special dilation property (5) as the Bell class.
The Bell class of states on H ⊗ H represents a convex linear set. Any state on H ⊗ H which is reduced from a symmetric density operator on H ⊗ H ⊗ H is of the Bell class. Due to (2) and (5), we have the following general theorem.
Theorem 1 A Bell class state ρ on H ⊗ H satisfies the perfect correlation form of the original Bell inequality [2]
for any bounded quantum observables W 1 , W 2 , W 3 on H with operator norms || · || ≤ 1.
Corollary 1 A Bell class state satisfies the perfect correlation form of the original Bell inequality under any projective quantum measurements of Alice and Bob described by three bounded quantum observables with operator norms || · || ≤ 1.
It is easy to verify that separable states of the special form (49) in [6] , proved by us in [6] to satisfy the perfect correlation form of the original Bell inequality for any three bounded quantum observables, belong to the Bell class.
It is necessary to underline that, satisfying the perfect correlation form of the Bell inequality for any three quantum observables, a Bell class state does not necessarily exhibit perfect correlations. In case of a dichotomic observable W 2 , with eigenvalues ±1, the latter means that a Bell class state ρ satisfies (6) even if in this state the correlation function tr[ρ(W 2 ⊗ W 2 )] = 1.
From theorem 1 and the representation (21) in [6] for the expectation value of the product of outcomes under an Alice/Bob joint generalized quantum measurement there follows: 
The latter operator relation does not mean the perfect correlation of outcomes observed by Alice and Bob (if their settings coincide) and is always true for projective measurements of one and the same quantum observable on both sides.
Due to theorem 1, it is easy to prove the following general statement.
Theorem 2 A Bell class state ρ on H ⊗ H satisfies the extended CHSH inequality [6] :
for any bounded quantum observables W 
Examples
In this section, we consider examples of Bell class states on
Take the noisy maximally entangled quantum state
| n e n ⊗ e n n e n ⊗ e n |, where {e n } is an orthonormal basis in C d . Denote φ nmk := e n ⊗ e m ⊗ e k . For the state ρ d , the operator
represents a density source-operator with the property (5). Therefore, for any d ≥ 2, the state ρ d is of the Bell class. Consider the Werner states [4] :
widely used in quantum information processing. Here, V d is the permutation operator:
and tr
, 1], the operator
represents a density source-operator with the property (5): tr ], the operator
represents a density source-operator. The existence of the density source-operators (12), 
